The geometry of passive tracer trajectories is studied in two different types of rotating turbulent flows; rotating Rayleigh-Bénard convection (RBC; experiments and direct numerical simulations) and rotating electromagnetically forced turbulence (EFT; experiments). This geometry is fully described by the curvature and torsion of trajectories and from these geometrical quantities we can subtract information on the typical flow structures at different rotation rates. Previous studies, focusing on non-rotating homogeneous isotropic turbulence (HIT), show that the probability density functions (PDFs) of curvature and torsion reveal pronounced power laws. However, the set-ups studied here involve inhomogeneous turbulence and in RBC the flow near the horizontal plates is definitely anisotropic. We want to investigate how the typical shapes of the curvature and torsion PDFs, including the pronounced scaling laws, are influenced by this level of anisotropy and inhomogeneity and how this effect changes with rotation. A first effect of rotation is observed as a shift of the curvature and torsion PDFs towards higher values in the case of RBC and towards lower values in the case of EFT. This shift is related to the length scale of typical vortical structures that decreases with rotation in RBC, but increases with rotation in EFT, explaining the opposite shifts of the curvature (and torsion) PDFs. A second remarkable observation is that in RBC the HIT scaling laws are always recovered, as long as the boundary layer (BL) is excluded. This suggests that these scaling laws are very robust and hold as long as we measure in the turbulent bulk. In the BL of the RBC cell, however, the scaling deviates from the HIT prediction for lower rotation rates. This scaling behavior is found to be consistent with the coupling between the boundary layer dynamics and the bulk flow, that changes under rotation. In particular, it is found that the active coupling of the Ekman-type boundary layer with the bulk flow suppresses anisotropy in the BL region for increasing rotation rates.
The geometry of passive tracer trajectories is studied in two different types of rotating turbulent flows; rotating Rayleigh-Bénard convection (RBC; experiments and direct numerical simulations) and rotating electromagnetically forced turbulence (EFT; experiments). This geometry is fully described by the curvature and torsion of trajectories and from these geometrical quantities we can subtract information on the typical flow structures at different rotation rates. Previous studies, focusing on non-rotating homogeneous isotropic turbulence (HIT), show that the probability density functions (PDFs) of curvature and torsion reveal pronounced power laws. However, the set-ups studied here involve inhomogeneous turbulence and in RBC the flow near the horizontal plates is definitely anisotropic. We want to investigate how the typical shapes of the curvature and torsion PDFs, including the pronounced scaling laws, are influenced by this level of anisotropy and inhomogeneity and how this effect changes with rotation. A first effect of rotation is observed as a shift of the curvature and torsion PDFs towards higher values in the case of RBC and towards lower values in the case of EFT. This shift is related to the length scale of typical vortical structures that decreases with rotation in RBC, but increases with rotation in EFT, explaining the opposite shifts of the curvature (and torsion) PDFs. A second remarkable observation is that in RBC the HIT scaling laws are always recovered, as long as the boundary layer (BL) is excluded. This suggests that these scaling laws are very robust and hold as long as we measure in the turbulent bulk. In the BL of the RBC cell, however, the scaling deviates from the HIT prediction for lower rotation rates. This scaling behavior is found to be consistent with the coupling between the boundary layer dynamics and the bulk flow, that changes under rotation. In particular, it is found that the active coupling of the Ekman-type boundary layer with the bulk flow suppresses anisotropy in the BL region for increasing rotation rates.
I. INTRODUCTION
Rotating turbulence is important not only in astro-and geophysical flows [1, 2] , but also in many industrial applications that involve flow in rotating components [3, 4] . An important effect of rotation is the development of columnar structures in the flow, with characteristic time-and length-scales depending on the rotation rate [5] [6] [7] . Depending on the type of turbulence, rotation can have additional effects, such as a transition to enhanced heat flux in rotating turbulent convection [8] [9] [10] [11] [12] . We therefore investigate two different turbulent flow configurations in this research: rotating (isothermal) turbulence driven by electromagnetic forcing and rotating turbulent Rayleigh-Bénard convection (RBC). In RBC the flow is buoyancy driven: a fluid is heated from below and cooled from above. Rotating a RBC system around its vertical axis induces sharp transitions in the heat flux and boundary layer dynamics and a significant change of the dominant coherent flow structures [8, [13] [14] [15] .
Studying the effect of rotation on coherent flow structures via a Lagrangian method, i.e. by acquiring statistical data sets by tracking individual fluid particles, is shown to be an interesting approach [16, 17] . Lagrangian measurements are often in the form of velocity and acceleration time series, however also the shape of particle trajectories themselves provides essential information on the geometrical aspects of the flow [18] [19] [20] . When a trajectory is considered as a curve in 3D space, its geometry is fully described by its curvature and torsion.
So far, such curvature and torsion measurements have focused only on homogeneous isotropic turbulence (HIT) [18] [19] [20] [21] and these measurements have not been used to study particle trajectories in rotating turbulence. In HIT, curvature and torsion PDFs reveal pronounced power laws, which was shown both experimentally [20] and numerically [19, 21] . These power laws can be derived analytically, assuming that the velocity components in turbulence are Gaussian random variables [20] . This is however not the case in the turbulent flows studied here, since the PDFs of vertical velocity are shown to have wider tails, compared to the Gaussian distribution, in both electromagnetically forced turbulence (EFT) and Rayleigh-Bénard convection (RBC) [22, 23] . Moreover, anisotropy and inhomogeneity play a role, especially in the flow close to the horizontal top and bottom plates [22] [23] [24] [25] . Even though the scaling laws, derived in HIT, are shown to be robust [20] , it is not clear how anisotropy, inhomogeneity and non-Gaussian velocity statistics influence the curvature and torsion PDFs and whether one recovers these scaling laws in different turbulent flows like, for example, the ones studied here.
Also the effect of rotation on curvature and torsion statistics is not obvious. First, rotation does influence the level of anisotropy and inhomogeneity in RBC and EFT [22] [23] [24] [25] . Second, it changes the length scales of the typical coherent structures in both types of turbulence systems. This is expected to affect the statistics of the trajectories of tracer particles.
So far we disregarded the boundary layer and discussed effects related to the turbulent flow in the bulk of the RBC and EFT systems. The boundary layer is a special region of the flow, where the typical statistical characteristics of bulk turbulence are not applicable anymore [26, 27] . In RBC, the boundary layer dynamics is significantly influenced by rotation [13, 14] and moreover plays an important role in the transition to the enhanced heat flux state, mentioned before [8, 15] . More precisely, a transition is observed from a Prandtl-Blasius boundary layer for lower rotation rates, to an Ekman boundary layer for higher rotation rates [13] . A significant difference between these two types of boundary layers is that the Prandtl-Blasius boundary layer is passive and does not interact with the bulk, while the Ekman boundary layer dynamics is actively driven by the bulk flow. Therefore we expect the behavior of curvature and torsion statistics in the Ekman boundary layer to approach the bulk behavior at higher rotation rates. This can be studied by comparing scaling laws, measured in the bulk, to scaling laws measured in the boundary layer at different rotation rates. In the bulk we will moreover consider a measurement volume in the center of the cell and one closer to the top plate, to include effects of anisotropy and inhomogeneity [22] [23] [24] [25] . In this way, we aim at finding a general effect of rotation on the geometry of particle trajectories, not only in different types of turbulent flows, but also closer to, or even inside, the boundary layer.
In this paper we will first give a theoretical background on curvature and torsion and show how the probability density functions (PDFs) are expected to scale in the limit of high and low curvature and torsion values. Then, in section III, we will briefly discuss experimental and numerical methods. We will show results in the form of curvature and torsion PDFs, collected at different rotation rates, in section IV. Here we will moreover include statistics measured in the boundary layer at the cold top plate in RBC. In section V we will summarize and conclude our findings.
II. SCALING BEHAVIOR OF THE CURVATURE AND TORSION PDFS
When a tracer trajectory is considered as a curve in 3D space, its geometry is described by two fundamental geometrical parameters, the curvature, κ, and the torsion, τ . These parameters depend on the velocity, u, and acceleration, a, of the tracer as:
In previous studies curvature statistics were collected in homogeneous isotropic turbulence (HIT) both experimentally and numerically [18] [19] [20] . The tails of the curvature PDFs were shown to reveal pronounced power laws, scaling as κ 1 for low curvature values and as κ −5/2 for high curvature values [18, 20] . In order to explain these power laws analytically it is convenient to use the alternative formulation κ = a n u −2 , with a n the absolute value of the component of the acceleration normal to the velocity [20] . In an isotropic turbulent flow the velocity components are assumed to be independent random Gaussian variables and as a result the probability distribution of u −2 follows an inverse χ-squared distribution of dimension k = 3. The normal acceleration has only two components and therefore follows a χ-distribution of dimension k = 2, under the assumption that velocity and acceleration are uncorrelated. As a result the distribution of u −2 and a n obey:
where Γ(k/2) denotes the Gamma function [28] . The statistics of uκ and κ, shown in [18] , and the correlation between κ and u (and a), shown in [20, 21] , reveal that large curvature values correspond to small u 2 (i.e. large u −2 ) at finite a n . We expand the distribution P u −2 (x = u −2 ) to x for x → ∞, resulting in P u −2 (x = u −2 ) ∼ x −5/2 . So, in the limit of κ → ∞ the curvature PDF is expected to scale as P κ (κ) ∼ κ −5/2 . On the opposite, low curvature values correspond to small normal acceleration at finite velocity. When expanding P an (z = a n ) (see equation (4)) in z, for z → 0, one obtains P an (z = a n ) ∼ z. This means that in the limit of κ → 0 the curvature PDF is expected to scale as P κ (κ) ∼ κ.
Also for the torsion PDFs pronounced power laws were found, corresponding to a τ −3 scaling in the high torsion limit [19, 21] . Again Gaussian analysis can be used to derive this scaling, now based on τ = |ȧ ·n| /(a n u), withn the unit vector normal to the velocity. When assuming that a n and u are uncorrelated, that |ȧ ·n| is finite and that a n and u follow a χ-distribution of respectively dimensions 2 and 3, the PDF of the torsion becomes [19] :
where δ() is Dirac's delta function. We first solve this integral for u, using the properties of the delta function, and introduce a term β = 1/τ 2 :
Upon defining
n ) da n we obtain G = −2dF/dβ. One can also rewrite the integral G in terms of a new variable y = √ β/a n , using da n = −dy √ β/y 2 :
Note that the right-hand side of this equation equals F/ √ β which gives, combined with (6), the following differential
The solution is of the form F = F 0 e − √ β , with F 0 being a constant. This can be substituted into equation (6) resulting in:
Using the definition β = 1/τ 2 , we find that in the limit of τ → ∞ the torsion PDF, P τ (τ ), scales as P τ (τ ) ∼ τ −3 . In the limit of τ → 0 the torsion PDF scales as τ 0 [18, 19] , however a theoretical explanation for this scaling is lacking.
III. EXPERIMENTAL AND NUMERICAL METHODS

A. Rayleigh-Bénard convection
First, we introduce the Rayleigh-Bénard setup, that is described in detail in [13, 23] . The setup includes a convection cell and an optical tracking system, both mounted on a rotating table. The convection cell consists of a cylindrical Plexiglas vessel, filled with water, with height and diameter equal to H = D = 200 mm, resulting in an aspect ratio of Γ = D/H = 1. At the bottom a copper plate with an electrical resistance heater is attached and at the top a transparent cooling chamber is placed. Neutrally buoyant polyethylene particles, with a diameter of d p = 75 − 90 µm and a density of ρ p = 1002 kg m −3 , are inserted in the working fluid that has a density of ρ f = 998 kg m −3 . The resulting Stokes number of the particles, defined as St = τ p /τ η , with τ p = d 2 p ρ p /(18νρ f ) (where ν is the kinematic viscosity) and τ η the Kolmogorov time scale, is St ≈ 3 · 10 −4 , which means that the particles will behave as tracers. We however realize that the particles are on average heavier than the fluid, resulting in a positive settling velocity of w = (ρ p − ρ f )gd 2 p /(18νρ f ) ≈ 0.0183 ms −1 , where g is the gravitational acceleration. The system is illuminated by four arrays of LEDs. Particle images are recorded by four CCD cameras with a resolution of 1600 × 1200 pixels, at a frequency of 30 Hz. Trajectories, reconstructed from the images using the 3D-Particle Tracking Velocimetry (3D-PTV) algorithm developed at ETH Zürich [29, 30] , are filtered using 3D cubic polynomial fitting [31] . The dimensionless numbers characterizing the (turbulent) flow in the rotating RBC setup are the Rayleigh number, Ra = αg∆T H 3 /(σν), the Prandtl number, P r = ν/σ and the Ekman number Ek = ν/(2ΩH 2 ), where σ is the thermal diffusivity of the fluid, ∆T the applied temperature difference between top and bottom plate, Ω the rotation rate and α the thermal expansion coefficient. In this work Ra = 1.28 · 10 9 , resulting from an applied temperature difference of ∆T = 10 K, P r = 6.7 and the rotation rate is varied from Ek = ∞ (0 rad s −1 ) to Ek = 7.2 · 10 −6 (1.65 rad s −1 ). Moreover, two different measurement volumes are used as sketched in figure 1 : one in the center of the cell (gray cuboid), referred to as center measurement volume, and one close to the top plate (hatched cuboid), referred to as top measurement volume, both of size 80 × 60 × 50 mm 3 (in Cartesian coordinates) and centered around the cylinder axis. In the experiments we cannot treat the boundary layer (BL) separately, however we realize that the number of measurement points inside the BL is minimal due to particles being slightly heavier than the fluid and due to an offset of about 1 mm between the plate and the field of view of the cameras. In terms of the viscous boundary layer thickness δ u , that is determined as the position of the maximum horizontal rms velocity as in [13] , this corresponds to 0.167δ u for Ek = ∞ and 0.617δ u for Ek = 7.2 · 10 −6 . As a result, we can assume that the statistics measured experimentally in the top measurement volume, behave as if we are excluding the BL (as in the light-green volume in figure 1 ).
As explained in [20] high curvature events correspond to particles that suddenly change their direction of motion. These sudden motions of particles are difficult to capture in post-processing of subsequent images of particle tracking. Also due to the filtering of trajectories extreme acceleration and extreme curvature events are not always measured accurately in the experiments and it is not clear how this might affect our results. Torsion is even more difficult to measure experimentally, as it includes the time derivative of acceleration. In order to also include extreme curvature events, torsion statistics and to have access to the boundary layer, we complement the RBC experiments with direct numerical simulations (DNS), modeling the exact same cylindrical system. The governing dimensionless equations are the incompressible Navier-Stokes and energy equations in the Boussinesq approximation:
with u the velocity vector, t time, p pressure, T temperature andẑ the vertical unit vector. These equations are non-dimensionalized using the cell height H for length, ∆T for temperature and t c = H/U for time, based on the freefall velocity U ≡ √ gα∆T H. These equations are solved in cylindrical coordinates with no-slip boundary conditions (BCs) at all walls, a fixed temperature BC at the top/bottom horizontal walls and adiabatic BCs (i.e. no heat flux) at the sidewalls. We use a resolution of 512 × 384 × 512 grid points in the azimuthal, radial and axial direction, respectively. To ensure at least ten grid points within the boundary layer, grid refinement is used in both the vertical and radial directions. To discretize this set of equations a second-order finite difference scheme is applied and for the integration a third-order Runge-Kutta method is chosen. Details of the numerical scheme can be found in [32, 33] . Just as in the experiments, tracer particles, following the fluid motion exactly, are tracked. To interpolate the fluid velocity from the surrounding eight grid points around the particle position, we use a tri-linear interpolation scheme and for the time integration a second-order Adams-Bashforth scheme is used. In total 10 6 particles are evolved in the system. To allow direct comparison with experiments we collect statistics in the same measurement volumes as in the experiments. However, in the DNS the top measurement volume is subdivided into the boundary layer, referred to as BL region, and a region excluding the BL, referred to as non-BL region, as sketched in figure 1. As mentioned before the boundary layer thickness is determined as the position of the maximum horizontal rms velocity, as in [13] . Furthermore, the control parameters are set as in the experiments, only the Ekman range is extended with Ek = 7.2 · 10 −4 and Ek = 3.6 · 10 −6 , such that Ekman varies between Ek = ∞ and Ek = 3.6 · 10 −6 .
B. Electromagnetically driven turbulence
Next to the RBC experiments we also study rotating (isothermal) turbulence driven by electromagnetic forcing. Our setup is described in [22, 34] . Briefly, it consists of a transparent tank, a turbulence generator and a 3D-PTV system. The Perspex cubic tank, with inner dimensions of 500 × 500 × 250 mm 3 , is filled with an electrolyte solution with density ρ f = 1.19 · 10 3 kg m −3 and kinematic viscosity ν = 1.319 mm 2 s −1 . The flow is driven by an electromagnetic forcing system, consisting of a magnet array arranged according to a chessboard pattern as discussed in [22, 34] . The maximum forcing length is determined by the spacing between the magnets, which equals L = 70 mm. Poly methyl methacrylate (PMMA) particles with a diameter of d p = 127 ± 3 µm and a density of ρ p = 1.19 · 10 3 kg m −3 are inserted in the fluid. The Stokes number of these particles is St ∼ 10 −3 and the settling velocity approaches zero due to the match of fluid and particle density. This means that also in the EFT experiments particles behave as tracers. 
, and a boundary layer (BL) part of size 0.4H × 0.3H × δuH (dark-green), with δu the dimensionless viscous boundary layer thickness, which varies between δu = 0.0299 and δu = 0.0058, depending on the rotation rate [13] . This subdivision in BL and non-BL is only applied in the DNS, while in the experiments the total top measurement volume is used, as represented by the total green hatched volume. Note that the size of the BL region is not real-scale here but rather enlarged for visibility reasons.
These neutrally buoyant particles are tracked by four high speed cameras with a resolution of 1024 × 1024 pixels and images are processed using the 3D-PTV and filtering procedure as described previously for RBC. The complete setup is mounted on a rotating table, of which the rotation axis coincides with the tank vertical axis. Depending on the rotation rate the time step for data acquisition is ∆t = 16.7 ms (rotation rates below 2.0 rad s −1 ) or ∆t = 33.3 ms (rotation rates greater than 2.0 rad s −1 ). The field of view is of size 100 × 100 × 100 mm 3 , centered in the horizontal plane and starting right above the bottom plate. Rotation is again characterized by the Ekman number, now based on the forcing length L as Ek = ν/(2ΩL 2 ) and is varied between Ek = ∞ (no rotation) and Ek = 2 · 10 −6 (5.0 rad s −1 ). The Taylor-scale Reynolds number (Re λ = u rms λ/ν, with u rms the root-mean-square of the velocity fluctuations and λ the Taylor micro-scale) is in the range of 70 ≤ Re λ ≤ 110 depending on the rotation rate.
IV. RESULTS
A. Non-rotating turbulence
We first discuss curvature and torsion measurements in non-rotating turbulence and investigate whether we recover the scaling laws derived for HIT in section II. For RBC we start these measurements in the cell center, where the flow is closest to HIT [23, 25, 35] . However we know that, even in the center of the cell, the vertical velocity PDF shows non-Gaussian behavior [23] . Also in EFT the flow is not perfectly homogeneous, but is shown to be inhomogeneous in the vertical direction and homogeneous in the horizontal direction [22] . The resulting curvature PDFs, from both experiments and DNS, are shown in figure 2a, where we normalize data with the cell height H, in the case of turbulent convection, and with the forcing length L, in the case of electromagnetic forcing. Both H and L are fixed during the experiments and simulations, and therefore this non-dimensionalization allows for comparison between the two types of turbulent flows and between different rotation rates. A good agreement between all three curvature PDFs is found within the error margins discussed in the caption. This means that not only DNS and experiments on RBC agree very well, but also that similar (dimensionless) curvature statistics are measured in the two completely different setups in the absence of rotation. Moreover, the HIT power laws, represented by the black lines, are recovered in both turbulence systems despite the vertical inhomogeneity in the EFT setup and non-Gaussian vertical velocity statistics in RBC. A possible explanation is that the scaling laws are derived in the limit of small velocity, where the assumption of Gaussian statistics is again reasonable. Indeed we checked from our data that the PDFs of vertical velocity are Gaussian around the peak at u = 0 and show non-Gaussian behavior only in high velocity tails of the PDFs. We also computed the joint statistics between velocity and acceleration and observed that in the bulk velocity and acceleration are uncorrelated, confirming that the assumptions made in section II are not heavily violated. For the RBC experiments the κ −5/2 scaling is recovered up to κH ≈ 10 3 , although the PDF deviates from this scaling for larger curvature values. The latter is the result of the experimental particle-tracking procedure in which sudden movements of particles, corresponding to extreme curvature events, results in loss of these particles. This effect is also reflected in the relative error of the curvature PDF in the RBC experiments, computed by subdividing the measurement volume vertically and comparing PDFs constructed in these two sub-volumes. For curvature values of κH > 10 3 the relative error is 20%, while for curvature values of κH < 10 3 it is reduced to 8%. In the EFT experiments extreme curvature events are captured more accurately due to different camera settings, illumination protocol and different particle properties [22] , allowing for more reliable particle tracking between subsequent time steps. The numerical torsion PDF for non-rotating convection is shown in figure 2b , together with the τ −3 scaling law (black solid line). Also for torsion the predicted power law is recovered very well in the center of the convection cell. We moreover observe that for low torsion values the PDF scales as τ 0 , which is in agreement with the result in [19, 21] .
We continue by analyzing curvature and torsion statistics in the top measurement volume of the RBC cell, where we expect the flow to be anisotropic. Near the top plate we distinguish between the (viscous) BL region and the non-BL layer region (figure 1). In the DNS a sufficient amount of tracer particles will penetrate the boundary layer, while in the experiments we expect very few particles to enter the boundary layer, since the particles are not perfectly neutrally buoyant. In figure 3a we show the curvature PDFs, measured near the top plate. Now we do not have vertical symmetry within the measurement volume and relative errors are computed by subdividing the total measurement volume horizontally into two equal parts and comparing PDFs constructed in these sub-volumes. We observe in figure  3a that the PDF obtained from the experiments perfectly matches the PDF from the numerical simulations, but measured outside the BL region. While these PDFs recover the κ −5/2 scaling law, the PDF measured numerically inside the boundary layer shows a different scaling behavior. For the torsion PDFs, shown in figure 3b, we again observe that the PDF constructed in the non-BL region recovers the HIT scaling law, while the PDF constructed in the BL region reveals a different scaling behavior. So, even though the bulk flow near the top plate is anisotropic [8, 25] , this does not influence the scaling behavior of the curvature and torsion PDFs. This suggests that as long as viscosity does not play a significant role and as long as the flow is turbulent, the scaling laws found in section II hold. In the boundary layer, however, we clearly see an effect of the BL dynamics of the flow on the large-curvature scaling. At the end of the following paragraph, we discuss this point in more detail and show the effect of rotation on Torsion, τ , PDFs, measured numerically at the top of the convection cell. In the DNS the top measurement volume is subdivided into the non-boundary layer (non-BL) region and the boundary layer (BL) region (see figure 1 ). Curvature and torsion are non-dimensionalized using the cell height, H. Errors of curvature and torsion PDFs, near the top plate of the RBC cell, are always estimated by subdividing the measurement volumes horizontally into two equal parts and computing the deviation between the PDFs, constructed in these two sub-volumes (disregarding the outer parts of the tails, where the error is larger). Torsion and curvature PDFs outside the BL, measured with DNS, have an estimated relative error of 6%, while the error of PDFs inside the BL can go up to 10% Curvature PDFs measured experimentally in the top measurement volume have a relative error of 5%.
this scaling behavior in the boundary layer.
B. Rotating turbulence
We now consider the effect of rotation on the curvature and torsion statistics, which are measured and computed for a wide range of Ekman numbers. The PDFs, measured in electromagnetically forced turbulence, are shown in figure 4a. Both the κ 1 and the κ −5/2 scalings are recovered for all Ekman numbers. The effect of rotation is observed as a shift of the complete curve towards lower curvature values. For RBC, we first compute the PDFs in the center of the convection cell, which are shown in figure 4b and 4c for experiments and DNS, respectively. In both figures, we observe a shift of the PDFs towards higher curvature values, opposite to the shift observed in EFT. The normalized curvature PDFs, shown in figure 4d, will be discussed below, where we address the observed shift in more detail. As in EFT, the scaling laws are unaffected by rotation in the DNS. In the RBC experiments, the κ −5/2 scaling is not recovered for κH 10 3 , which is a result of the loss of high curvature events as explained in section III A. Measurements near the top plate, where we expect a larger effect due to statistical anisotropy and where viscosity might come into play, are shown in figure 5 . In the experiments and in the DNS which focus on the non-BL region, we observe a similar shift towards higher values of κ, as observed in the center. Moreover, we recover the κ −5/2 scaling for all rotation rates. In the boundary layer, where we can measure only numerically, we clearly distinguish two regimes in figure 5c. In the first regime, where Ek > 1.8 · 10 −4 , the scaling is less steep than κ −5/2 , while for Ek 1.8 · 10
the scaling is closer to κ −5/2 . We also observe a clear shift of the PDFs towards larger curvature under rotation. As a reference point for the shift of the PDFs, we use the position of the maximum, corresponding to the most probable value of curvature. We compute this maximum position, indicated by κ * , for all PDFs from figures 4 (a)-(c) and 5 (a)-(b) and plot the results as a function of the Ekman number in figure 5d . In the DNS, we focus on the non-BL region of the top measurement volume, where we can compare the DNS to the experimental results. Indeed, a perfect agreement between experiments and DNS is found for the peak position κ * in figure 5d , both in the center and near the top plate.
The shifts of the PDFs are expected to be related to the development of typical coherent flow structures, which are vortices in turbulent flows with a characteristic length scale. For electromagnetically driven turbulence the length scale of these typical vortical structures increases with rotation up to a rotation rate of Ω = 1.0 rad s −1 (Ek = 1·10 −5 ) [5, 22, 36] and since curvature is an inverse length we expect an opposite trend for the peak position in this regime. This increase in length scale is limited by the forcing length, which corresponds to κ * L = 1. In figure 5d we indeed observe a decrease in the peak curvature position with increasing rotation up to Ek = 1 · 10 −5 , which saturates at κ * L = 1 for larger rotation rates (lower Ek). For rotating convection a completely opposite trend is observed; a constant peak position for Ek > 1.8 · 10 −4 , where the flow is dominated by a large scale circulation (LSC) [7, 8] , while the peak of curvature, κ * , is slowly growing for increasing rotation rate for Ek 1.8 · 10 −4 , where vertically aligned vortices are the dominant flow structures [7, 8] . For Ek > 1.8 · 10 −4 , the domain-filling LSC is hardly influenced by rotation [37] , which explains the constant value of κ * in the curvature PDF in this regime. For Ek 1.8·10 −4 rotation starts to play an important role, due to the development of vertically aligned vortical plumes [7, 8] . The length scale of these vortical structures, L, is known to decrease with increasing rotation rate [38, 39] . This decrease is moreover expected to scale as L ∼ Ek 1/3 [40, 41] . The trend is inversed since curvature is an inverse length: one thus expects that the curvature PDFs shift under rotation as Ek −1/3 . In figure 4d we show that for Ek < 1.8 · 10 −4 the PDFs collapse, when the length scale is normalized by Ek −1/3 . This collapse confirms that the PDFs shift as a whole and our chosen reference point κ * is also expected to scale as κ * ∼ Ek −1/3 . This scaling, actually rescaled with a prefactor For electromagnetically driven turbulence κ * is non-dimensionalized using the forcing length, L, and for RBC κ * is non-dimensionalized using the cell height, H. The error bars are given by the bin width, used to create the PDFs. The symbol ≈ indicates an interruption of the x-axis, used to include the peak position at Ek = ∞. Note that, consequently, this point is out of scale.
of 0.5 for the sake of figure visibility, is shown by the black dashed line in figure 5d and the shift of the PDF top indeed follows this Ek −1/3 scaling. The effect of rotation on the typical length scale is stronger in RBC compared to EFT. In EFT the magnet array forces a length scale upon the flow, while in RBC the development of flow structures under rotation is not limited by a forcing length. When comparing the trends for RBC and EFT, we conclude that although opposite shifts for the curvature PDFs are observed in turbulent convection and electromagnetically forced turbulence, the trends are consistent with the dynamics of the vortical flow structures under rotation in the respective turbulent flows.
Also for torsion, measured numerically in turbulent convection, PDFs are computed for different Ekman numbers in all measurement volumes. In figure 6a and 6b we again observe a shift towards higher values, both in the center and in the non-BL region near the top plate of the RBC cell. In the BL region (figure 6c) we observe that also for torsion the scaling depends on the rotation rate.
The analysis of the shift of the torsion PDFs under rotation is similar as for the maximum of the curvature PDFs. However, since the torsion PDFs do not have a maximum but rather start with a constant plateau that scales as τ 0 , (b)-(c) Torsion PDFs of Rayleigh-Bénard convection, measured from DNS in the non-boundary layer (non-BL) and the boundary layer (BL) region near the top plate, respectively. In (a) and (b) the Ekman number is increasing from bottom to top, focusing on the left part of the curves. Errors in the PDFs are as discussed in figure 2 and 3 and torsion is non-dimensionalized using the cell height, H. (d) The kink position, τ * , corresponding to the PDFs of panels (a) and (b), as a function of the Ekman number. The value of τ * is computed as the intersection point between two power law fits, performed on the constant plateau and the high torsion tail of the PDFs, respectively, and the error in τ * is based on the uncertainty in these power law fits. The symbol ≈ indicates an interruption of the x-axis, used to include τ * at Ek = ∞. Note that, consequently, this point is out of scale.
we must characterize the shift in a slightly different way. As a reference point, we now use the intersection point between the constant plateau and the τ −3 scaling. To compute this intersection point, τ * , we first perform power-law fits to the low and high torsion limits of the PDFs. Second, we compute the crossing point between these two fits. The error in τ * comes from the uncertainty in the fitting results, that is dominated by the choice of the fitting range. Therefore we compute the error in the fitting exponents by shifting the fitting range first towards higher torsion values and then, towards lower torsion values, a method also used in the rest of this paper. The deviation between the fitting results in the different fitting ranges gives the error, that is then used to represent the error in τ * . The resulting intersection points, τ * , are shown as a function of the Ekman number in figure 6d . Again we first confirm that PDFs for Ek < 1.8 · 10 −4 collapse when normalized by Ek −1/3 , validating our expectation of similar scaling of the reference point τ * . We indeed observe the exact same trend as already observed for curvature: a constant PDF position in the regime of the LSC and an Ek −1/3 scaling in the regime where vertically aligned plumes are present. The fact that both curvature and torsion PDFs show a horizontal shift proportional to Ek −1/3 (or Ω 1/3 ), suggests that particle trajectories are 'self-similar' and that there is no stretching of trajectories in a particular direction. To understand this we use the example of the spiral, that is treated in detail in [18] . The three-dimensional spiral, r(t), can be expressed in Cartesian coordinates as [18] :
where R and β are the parameters describing the spiral and Ω is its angular speed. The parameters R and β can be expressed in terms of the curvature and the torsion of the spiral as [18] :
From equation (13) one can see that, when realizing that κ and τ scale as Ek −1/3 , both R and β scale as Ek 1/3 . This indeed suggests that the trajectories have a self-similar shape and do not deform under rotation. However, we realize that we are looking at statistics, rather than individual trajectories and the similar shift of PDFs for curvature and torsion is not sufficient for proving self-similarity. Random combinations of different curvature and torsion ratios are not excluded and therefore we also look at the behavior of the ratio between torsion and curvature, τ /κ, as proposed in [21] . Here it is shown that both the joint PDF of τ /κ with velocity and acceleration show a peak around τ /κ ≈ 1 suggesting that there is a natural ratio between torsion and curvature. In figure 7 we show these joint PDFs for non-rotating RBC (Ek = ∞) and rotating RBC (Ek = 7.2 · 10 −6 ), measured numerically in the center of the cell. Indeed we also observe that the joint PDFs have a peak around τ /κ ≈ 1, supporting the hypothesis of self-similarity of trajectories.
Next, we focus on the PDFs measured both in the boundary layers and in the bulk, and analyze the effect of rotation on their scaling behavior. We focus on the high-curvature and high-torsion tails of the PDFs, where the scaling is indicated by κ −c1 and τ −c2 for curvature and torsion, respectively. To identify a trend in the scaling exponents c 1 and c 2 , we measure them directly from a power-law fit. The results are shown as a function of the Ekman number in figure  8 for all measurement volumes, where the errors in the exponents are determined by comparing different fitting ranges as discussed above. It is clearly observed that in the cell center the scaling is unaffected by rotation for both curvature and torsion and equals the HIT scaling, corresponding to c 1 = 5/2 and c 2 = 3. Also, in the non-BL region near the top plate, a constant scaling is observed equal to this HIT prediction. However, in the boundary layer the scaling exponent decreases for decreasing rotation rate or increasing Ek, for both curvature and torsion. Remarkable is that for higher rotation rates the HIT scaling is approached, while the lower the rotation rate, the more the exponents deviate from this prediction. It is known that at Ek = 1.8 · 10 −4 , the transition point between LSC and vertically aligned vortices, there is also a transition in the boundary layer dynamics: for Ek > 1.8 · 10 −4 , a Prandtl-Blasius boundary layer develops at the horizontal plates, while for Ek 1.8 · 10 −4 the boundary layer is of the Ekman type [13] . For Ek > 1.8 · 10 −4 , the scaling exponents of the PDFs in the BL are constant and reach the minimum values c 1 ≈ 2.2 ± 0.1 for curvature and c 2 ≈ 2.5 ± 0.2 for torsion. The Prandtl-Blasius BL is not influenced by rotation [13] , which explains the constant scaling exponent in this regime. Moreover the Prandtl-Blasius BL is passive and is hardly influenced by the bulk, consistent with the deviation of the scaling exponent from the bulk value in this regime. To understand why the scaling exponents in the Prandtl-Blasius BL are lower than the HIT prediction, we go back to the derivations of the scaling laws in section II. Here, we focused on HIT and assumed that the velocity components were independent Gaussian variables, following a χ-distribution of dimension 3. Although the velocity statistics in RBC are not perfectly Gaussian, especially near the top plate and in the BL, this assumption is reasonable for small values of u, which is exactly the limit we are interested in (see also Section IV A). Using this assumption, u −2 follows an inverse χ-squared distribution of dimension k = 3. However, in the Prandtl-Blasius boundary layer, there is just one dominant horizontal velocity component due to the presence of the mean flow [27] . As a result the number of velocity components can be thought of as being effectively reduced from 3 to 3 − γ, where γ indicates a fractional reduction of the dimensionality of the flow. Expanding the distribution of u −2 (equation (3)) with this new dimension
. This means that in the limit of κ → ∞ the curvature PDF scales with scaling exponent c 1 = 5/2 − γ/2. While for γ = 0 the HIT value of c 1 = 5/2 is recovered, the exponent decreases with increasing γ. For torsion we rewrite the integral of equation (5), now assuming a n and u to follow a χ-distribution of dimension 2 − γ and 3 − γ, respectively [19] :
Following the same steps as in section II (equations (5) - (8)), results in a scaling of P τ (τ ) ∼ τ −(3−γ) , for τ → ∞, thus c 2 = 3 − γ. Indeed, a decrease in the number of velocity components from 3 to 3 − γ, leads to lower scaling exponents for both curvature and torsion PDFs. As Ek → ∞ the scaling exponents c 1 and c 2 converge to constant values c 1 = 2.2 ± 0.1 and c 2 = 2.5 ± 0.2, corresponding to γ = 0.5 ± 0.1. Although this value of γ is found in both the curvature and torsion measurements, we are not aware of any theoretical explanation or previous studies quantifying this reduction in dimensionality. Different from the Prandtl-Blasius boundary layer, the Ekman boundary layer does actively interact with the bulk flow. Moreover, the vertical velocity coupling bulk and boundary layer (also known as Ekman pumping/suction), scales with the Ekman number [42, 43] and consequently curvature depends on the rotation rate as well. Indeed we observe that the scaling exponents depend on rotation in figure 8 , and are gradually increasing towards the bulk values of c 1 = 5/2 and c 2 = 3 for higher rotation rates, as expected because of the active interplay between the Ekman boundary layer and the bulk (where HIT scaling is observed).
V. CONCLUSIONS
We studied the effect of rotation on the geometry of tracer trajectories in two different types of rotating turbulent flows: Rayleigh-Bénard convection and (isothermal) turbulence driven by electromagnetic forcing. We found that the response of curvature and torsion statistics to rotation is connected to the length scales of typical flow structures, regardless of the type of turbulence, hence showing some degree of universality. In electromagnetically driven turbulence, the length scales of vortical structures increase with increasing rotation rate and lower curvature is expected for higher rotation rates. This shift towards lower curvature values is indeed observed in the curvature PDFs measured in the EFT experiments. In RBC the typical flow structure is a large-scale circulation for rotation rates below a critical value, Ek = 1.8 · 10 −4 . Here, rotation does not play a significant role and indeed the curvature statistics are found to be unaffected by rotation in this regime. For rotation rates above this critical value, or correspondingly Ek 1.8 · 10 −4 , vertically aligned vortical plumes develop and their length scale decreases with increasing rotation rate, exactly opposite to the trend observed in electromagnetically forced turbulence. In RBC curvature and torsion PDFs indeed shift towards higher values, both in the center of the cell and near the top plate. As a result the effect of rotation on the geometry of particle trajectories is consistent for the two completely different turbulence forcing methods.
The scaling of the tails of the PDFs perfectly matches the scaling laws previously found in homogeneous isotropic turbulence (HIT) for all rotation rates and both types of turbulent flows, except for the boundary layers. This is somewhat surprising, since in both EFT and RBC the vertical velocity statistics are certainly not perfectly Gaussian and moreover the bulk flow is anisotropic and inhomogeneous. We realize, however, that statistics can again be assumed Gaussian in the limit of very small velocity and that anisotropy is strongest inside the boundary layer. So, as long as the flow is turbulent and viscosity does not play a role, the scaling laws of curvature and torsion PDFs are independent of the forcing mechanism, very robust and not influenced by anisotropy.
In the DNS of RBC, we were able to study the dynamics of trajectories inside the viscous boundary layer, where the flow dynamics is completely different from the turbulent bulk. Our results reveal that, in the viscous boundary layer, a lower scaling exponent is found for lower rotation rates, while the HIT prediction is approached for higher rotation rates. For Ek > 1.8 · 10 −4 , a Prandtl-Blasius boundary layer is present at the horizontal plates and the number of independent velocity components is effectively decreased due to the presence of a mean horizontal flow. Taking this into account, while expanding the probability distributions of curvature and torsion in the limit of high curvature and torsion, indeed explains the lower scaling exponents in this regime. For Ek 1.8 · 10 −4 , the boundary layer is of the Ekman type; its dynamics is actively driven by the bulk flow (different from the passive Prandtl-Blasius boundary layer) and the velocity depends on the Ekman number. Indeed also the scaling exponents depend on the Ekman number and they gradually increase from the exponents observed in the regime of the Prandtl-Blasius boundary layer, towards the HIT prediction, with increasing rotation rate. This indicates that, in the case of active coupling between bulk flow and the Ekman boundary layer, rotation suppresses anisotropy.
So, as long as viscosity does not play a role and the flow is turbulent, the scaling laws for curvature and torsion PDFs are independent of rotation rate and forcing method and moreover not influenced by anisotropy or inhomogeneity. However, as soon as we step into the viscous boundary layer and the statistical properties of turbulence do not hold anymore, the scaling exponents react on rotation, consistent with the type of boundary layer in the different rotational regimes.
